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Abstract 
This paper concerns the H control problem for a class of switched systems with nonideal switchings. The so-called nonideal 
switching means that the switching among system modes is not instantaneous but undergoes some transitional period. 
Employing the average dwell time method and the differential inequality technique, a sufficient condition is presented which 
ensures the unforced switched system to be globally uniformly asymptotically stable with some given L2 gain. The controller 
design problem is further solved by means of the linear matrix inequality skills, and the mode-dependent controller gains are 
obtained via convex optimization tools. Finally, the proposed control method is applied to the tracking controller design of a 
morphing aircraft. Simulation results demonstrate the effectiveness of the proposed approach. 
© 2013 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of the National Chiao Tung University. 
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1. Introduction 
The past decades have witnessed extensive studies on switched systems, an important class of hybrid systems, 
which are composed of a collection of subsystems described by differential/difference equations and a switching 
signal that orchestrates the switchings between subsystems [1-2]. Switched systems have a wide range of 
applications in physical and man-made systems, in that numerous practical systems exhibit switching features, see, 
e.g., [3] and references therein. In the aerospace field, many problems can be formulated as the analysis and 
synthesis of the switched systems, such as, the problems of fault tolerant control [4], anti-windup control [5], and 
full envelope flight control [6-7]. 
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Since the solutions of switched systems depend on both system initial conditions and switching signals, 
properties that hold for each subsystem generally do not hold for the switched systems. For the aspect of stability 
analysis and stabilizing control, both the systems under arbitrary switching [1], [8] and those under constraint 
switching [9-10] are investigated. The L2 gain analysis and H control of switched systems have also been 
frequently related [11-14]. As an efficient tool for analysis, the average dwell time (ADT) method is widely used 
in the aforementioned literatures. In most of these works, system stability is guaranteed by some ADT conditions, 
but the L2 gain is no more preserved and the weighted L2 gain is achieved instead [12-14]. It deserves notice that 
this new performance index is too weak to be used in practice, especially for aerospace systems that are mission-
critical and performance-demanding. Moreover, the studies mentioned above are based on a common assumption, 
that is, switchings among plant modes are instantaneous. This assumption is quite idealized and misses the 
practical cases that the switching-like events actually undergo some transitional periods. 
 
In this paper, we aim at addressing the issue of L2 gain analysis and H control for a class of switched systems 
with nonideal switchings. For systems of this class, both the plant and the controller modes are determined by a 
switching command signal, and it takes time for the plant to shift its modes yet not for the controller. The 
contributions of this paper are in two fold. First, the switched system model we considered covers the cases that 
switchings among modes are nonideal; therefore, it is more appropriate for portraying the dynamics of flight 
vehicles with fast parameter variations, for example, the morphing aircraft. Second, we achieve analysis and 
synthesis tools for standard L2 gain of switched systems, other than the weighted L2 gain in the literatures; thus 
our results are more applicable for flight control and more acceptable by control engineers in the aerospace field. 
2. Problem formulation 
Consider a class of switched linear systems given by 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
t t t t
t t t t
V V V
V V V
  ­
®   ¯
x A x B u E w
z C x D u F w

                                                                  (1) 
where ( ) nt x R  is the system state, ( ) mt u R  is the control input, ( ) pt w R  is the disturbance input and 
( ) qt z R  is the controlled output. The switching signal ( )tV  takes values from a finite set {1,2, , }N:    and is 
continuous from the right everywhere. Depending on scenarios of applications, ( )tV  may be either autonomous or 
under control. 
 
System (1) is an ordinary formulation of switched systems that prevails in most literatures on switched systems. 
This formulation implies that the switchings among system modes are instantaneous and the transient dynamics 
during switchings are not considered. Although this assumption may hold for some practical cases (e.g., control 
system reconfiguration upon abrupt faults), it is too ideal for some others (e.g., aircraft dynamics shifting via 
morphing). Here we consider a class of closed-loop switched linear systems, which is composed of a multimode 
plant and a mode-dependent switching controller. Both the plant and the controller modes are determined by a 
switching command signal. It takes short periods for the plant to shift its modes yet not for the controller at all, as 
is shown in Fig.1. We call this phenomenon ‘the nonideal switching’ and the resultant system ‘the closed-loop 
switched system with nonideal switchings’. It is obvious that this class of switched systems is more general and 
practical than traditional ones. For example, when a morphing aircraft is to shift its operating modes, it inevitably 
takes some time for its sweep angle to change; while the fight computer can switch on the desired controller gain 
in no time. 
102   C.Y. Dong et al. /  Procedia Engineering  67 ( 2013 )  100 – 109 
0t 1t 2t 3t1 1t W 2 2t W 3 3t W
 
Fig. 1. Evolution of the closed-loop switched system with nonideal switchings 
To achieve the formulation of the aforementioned system, we shall give some notations first. Let kt  and kW , 
k N  represent the starting time and the duration time of the kth switching, respectively; assume that kW  is 
upper-bounded by MW . Then [ , )k k kt t W  is the time interval of the nonideal switching, and 1[ , )k k kt tW   the 
activation time of the system mode indexed by ( )ktV . Use S [ , )k k k kt t W*   N  to denote the union of the 
nonideal switching durations, and H 1[ , )k k k kt tW *   N  the union of the time intervals when the system mode 
is hold static. Let lt  denote the latest switching instant and ( ) ( )lt tV V
   the value of the switching command 
before lt . Then the switched system with nonideal switchings is given as follows 
( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
t t t t
t t t t
V V V
V V V
T T T
T T T
  ­
®   ¯
x A x B u E w
z C x D u F w

                                                       (2) 
where ( ) (1 )V VVT T T  M M M , { , , , , , }M A B C D E F ; 0 1Td  , St * ; 1T  , Ht * . 
 
The mode-dependent state feedback control law is given by 
( ) ( )k tV u K x                                                                             (3) 
Before proceeding further, we give the definitions of the average dwell time and the L2 gain for later use. 
 
Definition 1 [10]. Given a switching signalV and any 2 1 0t t t! ! , let 1 2( , )N t tV  be the switching numbers of 
( )tV over the interval 1 2[ , )t t . If 1 2 0 2 1( , ) ( ) aN t t N t tV Wd    holds for 0 0N ! , 0aW ! , then aW  and 0N  are called 
the average dwell time and the chatter bound, respectively. 
 
Definition 2. Given a switching signal V , switched system (2) with ( ) 0t {u  is said to have an L2 gain 0J ! , 
if under zero initial condition, the inequality T 2 T
0 0
( ) ( )d ( ) ( )dt t t t t tJf fd³ ³z z w w  is satisfied for all nonzero 
2( ) [0, )t L fw . 
 
The objective of our work is to address the following problems: 
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x On the basis of the ADT method, handle the H control problem for switched systems with nonideal switchings. 
x Apply the proposed H control approach to the switching controller design of a morphing aircraft and validate 
its effectiveness. 
3. Main results 
Enlightened by recent results on asynchronous switched systems [15-16], we employ the ADT method to 
achieve H control of the system (2). Before presenting the main theorem, we give a lemma for L2 gain analysis of 
the unforced system first. 
 
Lemma 1. Consider switched system (2) with ( ) 0t {u  and let 0,  ,  0D E D J!  ! , and 1P !  be given 
constants. Suppose that there exist continuously differentiable and positive definite functions : niV oR R , such 
that ( , )i j :u: , 1i j  . 
H
S
( ( )) ( ),  
( ( ))
( ( )) ( ), 
i
i
i
V t t t
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V t t t
D I
E I
  *­
d ®  *¯
x
x
x
                                                        (4) 
( ( )) ( ( ))i jV t V tPdx x                                                                   (5) 
where T 2 T( ) ( ) ( ) ( ) ( )t t t t tI J z z w w , then the switched system is globally uniformly asymptotically stable 
(GUAS) with an L2 gain 1 2S (1 )a aJ W W J
    for any ADT switching signal satisfying 
M
ln (1 )a a
P EW W WD D
!                                                                        (6) 
Proof. Choose the Lyapunov function candidate as  ( ) ( )V t V tV , and the proof for GUAS and L2 gain are 
given respectively. 
x GUAS 
Let ( ) 0t {w , then it holds from (4) that 
H
S
( ( )),  
( ( ))
( ( )), 
i
i
i
V t t
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V t t
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d ® *¯
x
x
x
                                                            (7) 
Recall that lt  denotes the latest switching instance. Given any time interval 1 2[ , )T T , let S 1 2( , )T T* denote the 
length of all the nonideal switching durations time therein. Then it holds from (7) and (5) that 
 
 
 
 
 
0
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S
1 1 S 1
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0 0 S 0
0 0
( ) ( )exp ( ) ( ) ( , )
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l l l
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V t t t t t
V t t t t t
V t t t
V
D D E
P D D E
P D D E
P D D E
O D

  
d     *
d     *
d     *
d     *
d  

 
where  0 0exp ( )N M NO P D E W  , M[ln ( ) ] aD D P D E W W    . 
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Under ADT condition (6), it is obvious that 0D ! , which implies that the switched system is GUAS. 
 
x L2 gain 
Using differential inequality theory, one obtains from (4) and (5) that 
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According to zero initial condition and ADT condition (6), it follows that 
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Integrating the left side of equation (8) from 0 to , one obtains 
   T T T
0 0 0 0
1exp ( ) ( ) ( )d d ( ) ( ) exp ( ) d d ( ) ( )d
t
t t t t
W
D W W W W W W D W W W W WD
f f f f
      ³ ³ ³ ³ ³z z z z z z                   (9) 
Applying the same technique to the right side of equation (8), one gets 
  2 T 2 T
0 0 0
1exp (1 ) ( ) ( ) ( )d d ( ) ( )d
(1 )
t
a a
a a
t tW W D W J W W W J W W W
W W D
f f
    ³ ³ ³w w w w                       (10) 
Then it holds from (8)-(10) that 
2
T T
0 0
( ) ( )d ( ) ( )d
1 a a
JW W W W W W
W W
f f
 ³ ³z z w w  
which implies the switched system have an L2 gain 1 2S (1 )a aJ W W J
   . The proof is completed.        
 
 
Remark 1. It can be seen from the proof of Lemma 1 that the term ( )tI  in (4) plays a key role in the derivation 
to achieve L2 gain analysis. With the inclusion of ( )tI , the quantitive relationship between the L2 norm of the 
controlled output z  and that of the disturbance input w  is established through integrating both sides of (4). It is 
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also worth notice that (7) is implied when taking ( ) 0t {w , from which we may conclude that (4) guarantees the 
internal stability of system (2) essentially. 
 
Based on Lemma 1 and the linear matrix inequality (LMI) technique, the H control synthesis approach for 
system (2) is given in the following theorem. 
 
Theorem 1. Consider switched system (2) and let 0D ! , E D , 0J !  and 1P !  be given constants. If there 
exist matrices 0i !S  and iU , i :  with appropriate dimensions such that ( , )i j :u: , 1i j   
T
T 2
( )
0
i i i i i i i i i
i
i i i i i
D
J
ª º     
« »  d« » « »¬ ¼
A S BU A S BU S
E I
C S DU F I
                                           (11) 
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j i j i j
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ª º     
« »  d« »
 « »¬ ¼
A S B U A S B U S
E I
C S D U F I
                                          (12) 
i jPS S                                                                            (13) 
then there exist a controller given by (3) such that the close-loop switched system is GUAS with an L2 gain 
1 2
S (1 )a aJ W W J
    for any ADT switching signal satisfying (6). Moreover, the admissible controller gains are 
given by i :  
1
i i i
 K U S                                                                            (14) 
Proof. Denote ( )i tV , ( )j tV  , 1i i
 P S  and choose the Lyapunov-like function as T( ) ( ) ( )i iV t x t x t P . For 
closed-loop system (2)-(3), we have 
T
H
T
S
( ) ( ) ( ) ( ) ( ),       
( ) ( ) ( ) ( ) ( ) ( ),  
i i i
i i ij
V t V t t t t t
V t V t t t t t
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®
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ȟ ĭ ȟ
ȟ ĭ ȟ

                                         (15) 
where T T T( ) [ ( ) ( )]t t t ȟ x w , ( ) (1 )ij ij iT T T  ĭ ĭ ĭ ,  
T T TT T T
2 T 2 T,  
ij i i ij i ij ij i j ij ji i i i i i i i i i i
i ij
i i j j
ED
J J
ª º   ª º     « »« »     ¬ ¼ ¬ ¼
A P P A P C C PE C FA P P A P C C PE C Fĭ ĭ
I F F I F F
,  
and i i i i A A B K , i i i i C C D K , ij j j i A A B K , ij j j i C C D K . 
 
On the other hand, one obtains from (11), (12) and (14) 
T
T 2 0
i i i i i
i
i i i
D
J
ª º   
« »  d« »
« »¬ ¼
A S S A S
E I
C S F I
                                                           (16) 
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T
T 2 0
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Performing a congruence transformation to (16) and (17) via diag{ , , }iP I I , we obtain 
T
T 2 0
i i i i i
i
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T
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j
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E
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 d« »
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P A A P P
E P I
C F I
                                                          (19) 
Appling Schur complement formula to inequalities (18) and (19), it holds that i : , 0i dĭ  and 
( , )i j :u: , 1i j  , 0ij dĭ , which implies that the condition (4) in Lemma 1 holds for the closed-loop 
switched system (2)-(3). Further, inequality (13) ensures that condition (5) in Lemma 1 is satisfied. Thus the proof 
ends according to Lemma 1.       
 
Remark 2. In the above theorem, it deserves notice that a positive/negative value of  E  corresponds to the 
convergence/divergence rate of the Lyapunov function candidate while St* . Therefore, although the controller 
gains may exist even for 0E  , this choice of E  should be avoided for systems which are mission-critical and 
performance-demanding (e.g., aerospace vehicle control systems), and a nonnegative E  is recommended. 
 
Remark 3. Although our main results seem similar to those in [16], they distinguish themselves in the 
following aspects. Firstly, the feature of our object system is nonideal switching (as illustrated in Fig.1), while 
quite another phenomenon is concerned in [16], the so-called asynchronous switching. Secondly, we use the 
standard L2 gain to depict the disturbance attenuation property of the switched system, other than the weighted L2 
gain in [16]. Lastly, the development of our results is on the basis of the continuous time domain, while the entire 
study of [16] is performed in the discrete time domain. 
4. Application to tracking control of morphing aircraft 
In this section, an application to the tracking controller design of a morphing aircraft is presented to validate 
our main results. 
 
Four operating modes are considered here, which correspond to the cases that the sweep angle F  is 15°, 30°, 
45° and 60°, respectively. Since the stability and maneuverability of the vehicle primarily depend on the short 
period motion, we use longitudinal short period models of the 4 operating modes to construct a switched linear 
system with nonideal switchings 
, ,( ) ( ) ( ) ( ) ( )p p p pt t tV VT T x A x B u  
where T[ ]p qD x , D  and q  denote the angle of attack and the pitch rate, respectively; eG u , eG denotes the 
elevator deflection; :  [0, ) {1, 2,3,4}V f o:   is the switching command signal; , ( )p V TA  and , ( )p V TB  is of the 
same formulation as in (2). 
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The design problem under consideration is to find a switching controller such that 
x the closed-loop system is GUAS; 
x the output ( )tMx  tracks the reference signal ( )tr  without steady error, that is 
lim ( ) 0,  ( ) ( ) ( )
t
t t t t
of
  e e r Mx  
 where M  is a known constant matrix used to form the output required to track the reference signal; 
x the closed-loop system is of optimal performance, with the performance index given by 
T T T
1 20
[ ( ) ( ) ( ) ( ) ( ) ( )]dp pJ t t t t t t t
f
  ³ x Q x Ș Q Ș u Ru  
 where the weighting matrices 1Q  and 2Q  are positive semidefinite, and R  is positive definite. 
 
To eliminate the steady-state tracking error, we introduce the error integral term 
0
( )dt W W ³Ș e  to the state 
feedback controller as follows 
, ,( ) ( ) ( )xt t tV K V u K x K Ș  
The above formulation of tracking control problem can be easily transformed to the standard H control 
problem for closed-loop system (2)-(3). With T T T[ ]p x x Ș ,  w r  and 1 2diag{ , } Q Q Q , we have for system 
(2)-(3) 
1 2 T 1 2 T, ,
, ,
0 0,  ,  ,  [ 0] ,  [0 ] ,  0,  [ ]0 0
p i p i
i i i i i i i x i iK
ª º ª º ª º       « » « » « » ¬ ¼¬ ¼ ¬ ¼
A BA B E C Q D R F K K KIM  
Using Theorem 1 with 2D  , 0E  , 2P  , M 3 sW   and 20 saW  , the minimum J  guaranteeing 
feasibility of LMIs (11)-(13) is figured out via Matlab YALMIP toolbox. The calculation results are given as 
3.347 saW
  , 20 saW  , 65.232J   and  S 78.062J  , from which we may conclude that the ADT bound is 
practical and the performance loss due to nonideal switchings is acceptable. 
 
Employing the obtained controller gains for the minimum J , we further perform time domain simulations of 
the controlled morphing aircraft. The evolution trajectory of the sweep angle of the morphing aircraft is illustrated 
in Fig.2, and the responses of control inputs and system states to the angle of attack command are shown in Fig.3 
and Fig.4 respectively. Simulation results demonstrate that the switching tracking controller provides satisfactory 
transient characteristics and perfect tracking performance and the elevator deflection is acceptable over the entire 
time history. 
 
Fig. 2. Evolution of the sweep angle of the morphing aircraft 
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Fig. 3. Response of elevator deflection to angle of attack command 
 
Fig. 4. Responses of angle of attack and pitch rate to angle of attack command 
5. Conclusion 
By exploiting the ADT method, the approach of H control for a class of switched systems with nonideal 
switchings is proposed and further applied to the tracking controller design of a morphing aircraft. Simulation 
results show that the ADT constraint and the L2 gain estimate is practical for aerospace applications and the 
obtained switching controller qualifies satisfactory performance indices. 
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